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ABSTRACT

If Banach spaces X, X* are both weakly compactly generated, then X has an
equivalent norm whose dual on X™* is locally uniformly rotund.

1. Introduction

The proof of the main result given in Section 3 is done exactly by the same
method as Trojanski’s [10] proof for generally non-dual (WCG) Banach spaces,
the only new point here is the arrangement that all cases are w* lower semicon-
tinuous in X*.

We will work in real Banach spaces. A Banach space X (in short, a B-space X)
is weakly compactly generated (WCG) if X is the closed linear hull of some
weakly compact absolutely convex K = X, i.e.,, X = sp K. A B-space X is locally
uniformly rotund (LURY) if the relations || x, | = [| x| = 1, lim | x, + x| = 2 imply
lim H X, — X || = 0. Furthermore, a B-space X is an (F) space if the norm of X is
Fréchet differentiable at any nonzero point. ¢(I) is the B-space of all real valued
functions f on a set I such that for any ¢>0, {yeT; ] §L¢)) [ > ¢} is finite, with the
supremum norm. For a B-space X, dens X is the smallest cardinal number of a
norm dense subset of X.

2. Applications of the main result
The following corollary solves problem 13 of [8].

CorOLLARY 1. If X and X* are (WCG), then X has an equivalent (LUR) and
(F) norm whose dual is also (LUR).

Proor. The result follows from the Asplund’s averaging procedure [3] and
from the duality between (F) and (LUR) [9].
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CoROLLARY 2. If X, X* are both (WCG) then X is an (SDS) space in the sense
of [4], p. 31, i.e., any continuous convex function in X is Fréchet differentiable
on a dense Gy subset of its domain of continuity,

Proor. See [4], p. 32.
The next corollary solves partially problem 16 in [8].

CorOLLARY 3. If X, X* are both (WCG), then X* is a boundedly Krejn-
compact B-space in the sense of [5], p. 1, i.e., each norm closed convex bounded
subset of X* is the norm closed convex hull of its extreme points.

Proor. See [5], p. 4 or [11], p. 453.

CoOROLLARY 4. If X*, X** are both (WCG), then any closed convex bounded
subset of X is the closed convex hull of its strongly exposed points (see [7] for
definition).

Proor. Use [11], p. 452.

3. Preparatory :emmas

We will need some modifications of the ideas of [1]. We state them in several
lemmas.

LemMA 1. Let X be a linear space with 3 norms [ . ]1, l . [2, I . ]3, such that
|x < ‘x|2, ] xll §|x|3for every x € X. Then, given ¢ > 0, an integer n >0, !
elements fl,---,fie(X,] . ‘2)*, and a finite-dimensional subspace B < X, there
exists an No-dimensional subspace C < X containing B, such that for every
subspace Z of X withZ > B and dim Z |[B = n, there is a linear operator T: Z —» C
with| T|, £ 1 +&(for alla=1,2,3), Tb = b for every be B and | fi(z) — f(T2)|
< alz[zfor everyzeZ and k=1,--,1

ProoF. Let Pbea ] . ll-bounded projection of X onto B. Then P is bounded
in all three norms and let K be such that | P|, < K, for « = 1,2,3. Choose m > 1
such that m > 6 (1 + K)e~ ™.

Let r be an integer. Choose by, -+, b, in B such that, for every b € B, and every
a=1,2,3 the following holds: if | b ]a < r then there is an h (1 £ h £ p) such that
such that | b — by|, <m™L.

Let us consider the norm |A|= X7_, |4] in the Euclidean space R".
Let s be an integer and choose the elements A!,---;A? in the unit sphere
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St = {).GR";I A[ =1} of R" such that for every AeS" there is j, 1 <j<q,
so that [A— A <m~is~L.

Fix now the integers r and s and define the following N = 3n + 3pq + In real-
valued functions of x = (x,,++,x,) € X",

n
| xilus | B + 21 MWxilo  filxd)
i=

Igisnlgas3,1shsp 15jsq,15k=l

These functions can be regarded as a function ¢ from X"into R" Taking, in
RY, the metric p of maximal coordinate distance, we choose a sequence {¢(x)},,
x' = (x},++,x5) e X" which is p-dense in ¢(X"). This sequence is constructed for
fixed r, s. Thus we have a sequence {x'} = {x"*} for each r, 5. Let C be the subspace
spanned by B and the {x{*} (i=1,--,n; t,r,s =1,2,-+-).

Given any Z oB with dim Z/B = n, choose z,,-:*,z,€(l — P)Z, such that
[ Elizila = l A[ for every AeR” and every a =1,2,3. (It is sufficient to choose
Zy,+,Z, linearly independent and multiply them all by a sufficiently large
number.) Choose s such that Iz,.la Ssforalll£ign a=1,2,3, and chooser
such that 2s + 1 < &(r — 5). Let us now fix these values of s and r for the rest of
the proof,

Let x = (xy,--*,X,) be an element from the above constructed sequence (for s
and r chosen) such that p(¢(xy, -+, x,), ¢(z,°,2,)) <m~'. Define on Z

T(b+ }": Aiz,.)=b + i A;x; where beB.

i=1 i=1

Obviously TzeC and Th = b for all be B. To prove that |T|, S 1+, it
suffices to show that ] b+ Zlix,-la =1+ 8), b+ Zlizila whenever I/ll =1.

If | b|, = r, then | b+ ZAz;|, = r —s, while

[b + Zix|. £|b+ Zhz|,+| Zhz | +] TAxila

[b+ Zhz|o+ s+ +DZ|b+ Tz, +er—9)
A +o)|b+ ZAzl,
(We used the fact that || x;|, — | z|,| S m~! < 1;hence | x;[, | z,|, + 1S5+ 1)

If ‘ b ]a <, let b, be m~*-approximation to b and let A be m~ s~ L-approxima-
tion to 1eS". We have

IA

IA

|b + Zix|,—|b+ Tz |, <2|b~ by,
+ by + 2 Axife—|by— T Az,
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+ | T @ -ax

+ I Z ("{{—)‘i)zi

4

A

2m~t+m™l 4+ (s+ Dm~ s+ sm~ 157 < 6ml,
while
g|b+ Lz, 2 eI —P|;Y Zhzi|, Z el + k)1 > 6m™ 1.
If z = b + Xz, then
12 = (T2 = | ZAflz) = filed)| S m= 2],
while
|z, 2 [1-P|;Y| Zhz|, =2 (1 + K)7*|A].
Hence
|f2) = f(T2)|[|z[, Sm~ 1 + K) <e.

Asin [1], if there are given some norms on X, all topological terms will refer to
the || - |-norm.
Similarly as in [1] we prove

LemmA 2. Let X be a linear space with three normsl . [,

|- LI - |l| such that
the I“ . |||-unit ball is ” . ”-weakly compact. Suppose that the l . I-topology is

weaker than the l] . U-topology on X. Let p be the first ordinal of cardinality dens
X and let {x,, « < u} be dense in X. Then there is a “‘long sequence” of linear
projections {P,, » < o < p} such that | Pal = “ P, H = [H P,||| =1,x,€P,, X, dens
PX <« for every a, P,Py=P;P,=P; if B<a, P,x€sp{Pss X}scq, and
{os ” P,.1x — P,x|| > &} is finite for any xe X, & > 0.

Now we are able to prove

LeEMMA 3. Assume X is a B-space such that X,X* are both (WCG). Let ” . ”
denote the natural norm on X* and let p be the first ordinal of cardinality dens
X*. Then there is a dense subset {f,;x <u} in X*, and a “‘long sequence”
{P,; o £ a < p} of linear projections on X* such that ll P, “ =1, P, is w*w*
continuous on X*, f,€ P, X*, dens P,X* <o for any «, P,P; = P,P, = P, for
B<a, Pfesp{Pysif}eca and {o; | Posrf — Pf| > €} is finite for every fe X*
and ¢> 0.

Proor. Let K, L be weakly compact absolutely convex sets in X, X* res-
pectively, such that X =sp K, X* =sp L. Let us define on X* another norm
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J f ] = sup{] f (x)|;xeK} and on the linear hull ¥ of L in X* the third norm
17|l = inf{A > 0; fe AL}.

Choose {f,; x < u},a H . H-dense net in Y. By Lemma 2, there is a long sequence
of linear projections P, on Y with the properties stated in Lemma 2. Let us extend
P, | - |-continuously to projection P,: X*—» X*. Obviously | P,| =1 and P,
satisfy the properties of Lemma 2. It can easily be shown that for every ¢ > 0 the
set {a; | P,y o f — P.f| > ¢} is finite even for every fe X*.

It remains to show w*~w* continuity of P,. For this, observe that the P,’s are
] . l-continuous. In fact, denote by ¥ the completion of (Y,]-[) and by P, the
[ . ]-continuous extention of B, on ¥. Obviously, X* < . Now it is easy to see
that P, = P, on X* and thus the P,’s are | - |-continuous and | P,| = 1.

Now using the fact that K is weakly compact convex we conclude, exactly as in
the proof of Proposition 2 of [1], that the identity mapping of X* is w*~w con-
tinuous, where w means the weak topology of the norm | - |. The | - |-unit ball B
of X* being w*-compact, we see that the w and w* topologies coincide on B. As
every P, is w-w continuous and P, B < B, it follows that the P,’s are w*-w*
continuous on B and in virtue of the Banach-Dieudonné’s theorem the P,’s are
w*-w* continuous on X*.

Like S. Trojanski ([10], p. 177) we will need the following.

Lemma 4. Suppose a Banach space X and its dual X* are both (WCG).
Then there is a long sequence of bounded linear w*-w* continuous operators
T,: X* > X* (we A) such that

(D for any fe X* and e> 0, the set

Afe) = {5 | Tooif = Tf| > e(| T + || Tour )}

is finite, where “ . ﬁ is the natural norm on X¥,
(ii) for any fe X*,

fe ¥ =sp[| Tf| T, X*U gm(Tm— T)X*],

where A(f) = U,»0A(f;),

(iii) dens sp (T,,; — T)X* < dens T, X* =N,,.

The proof follows the Trojanski’s proof ([10], p. 177), by observing that if
PJare w* — w* continuous projections on X*, then (Pyi1 — P;")X * is‘isor-netricallry
isomorphic to ((P,,,— P,)X)* by a mapping which is w*-w* continuous with its
inverse and both (P}, ; — P})X* and (P,,, — P,) X are (WCG).
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For the proof of our theorem we will need the following observation.

LemmAa 5. If X is a Banach space and L < X is a closed subspace of it, then
the distance of fe X* from L*is a w* lower semicontinuous functional.

Proor. If R denotes the restriction of f to L, then it is easily seen that

pULLY) =|f |yeut = Rf|

Lto

4. Proof of the main result

The proof follows exactly as the proof of Trojanski ([10], p. 175, 176) and all
cases can be made, by use of the lemmas above, to be w* lower semi-continuous.
For example the function E{"(f) on X* defined on p. 175 is w* lower semi-con-
tinuous because it is the distance from a finite dimensional subspace of X*. And
for an operator T: X* — ¢co(I'), one should take the operator given by propo-
sition 2 of [1] which is w*—w continuous.
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